Abstract. A closed subspace M in a Banach space X is called t/-proximinal if it satisfies: (1 + p)S n (S + M) ç S + e(pXS n M), for some positive valued function t(p), p > 0, and e(p) -» 0 as p -> 0, where 5 is the closed unit ball of X. One of the important properties of this class of subspaces is that the metric projections are continuous. We show that many interesting subspaces are (/-proximinal, for example, the subspaces with the 2-ball property (semi M-ideals) and certain subspaces of compact operators in the spaces of bounded linear operators.
1. Introduction. We call a closed subspace M of a real Banach space X an M-ideal if the annihilator M ± of M is an L-summand in X*. This notion was formulated and studied by Alfsen and Effros [1] . It was proved that if M is an A/-ideal, then M is a proximinal subspace of X [1] , [5] . In [4] , Hennefeld showed that the space of compact operators on F (or c0), 1 < p < oo, is an M-ideal in the space of bounded linear operators on F (or c0 respectively). This theorem is also true for operators from F into lq, 1 < p < q < oo [11] . (It is well known that if 1 < q < p < oo, then every bounded linear operator from /' into I9 is compact.) Af-ideal theory provides a convenient tool to study the approximation of operators by the space of compact operators and has been investigated by many authors [3] , [4] , [5] , [9] , [11] , [15] , [16] . However, in some cases, the class of M-ideals appears to be too restricted; for example, the space of compact operators on / ' is not an M-ideal in the space of bounded linear operators on /' [16] . It is our attempt to consider another sufficient condition for proximity which preserves certain important properties of M-ideals and also includes some other interesting classes of proximinal subspaces.
Motivated by a lemma of Holmes in [5] , we call a closed subspace M of a Banach space X U-proximinal if there exists a positive function e(p), p > 0, with e(p) -> 0 as p -» 0 and satisfies (1 + p)S n(S+ M) C S + e(p)(S n M), p>0, where S denotes the closed unit ball of X. Examples of i/-proximinal subspaces are: (i) X is uniformly convex and M is a closed subspace of X ;
(ii) X = B(K), the space of bounded functions on a topological space K and M = C (K), the space of bounded continuous functions on K;
(iii) M is a semi M-ideal or semi L-summand in a Banach space X; (iv) X = L°°(ß, L1), the space of bounded Bochner measurable functions from a o-finite measure space ß into L1 and M is the subspace of /in X such that /(ñ) is weakly precompact. In particular, if we let L(E, F) (K(E, F)) denote the space of bounded linear operators (compact operators, respectively), then K(L\ü), /') is proximinal in L(Ll(Q), /').
Our paper is divided into six sections. In §2, we define some basic terminologies and give several reformulations of the definition of Uproximity. The metric projection from X into a proximinal subspace M is the map P which sends x G X to the set of best approximations from M to x. The study of the continuity of metric projections is an important component of the theory of best approximation. In §3, we show that if M is Uproximinal, then the metric projection P is continuous (with respect to the Hausdorff metric in the range). We also give a condition for P to be Lipschitz continuous. In § §4-6, we show that the examples listed above are in fact [/-proximinal subspaces.
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2. Definitions and preliminaries. Let X be a real Banach space, let Sr(X) (or Sr) denote the closed ball of radius r centered at 0; SX(X) = S(X) (Sx = S). If M is a closed subspace of X, then for x G X, we denote the subspace generated by M and x by <M, x), and denote SX^M, *» by Sr [x] .
Let F{X) be a family of nonempty bounded closed subsets of X. For any A,B G F(X), we define dH (A, B) = inf{r: A Ç B + Sr and B Ç A + Sr }.
Then dH is a metric on F(X) and is called the Hausdorff metric.
For x G X and for any subset A in X, we define another distance function d(x, A) = inf{||x -z\\: z G A). A pointy in a closed subspace M of X is called a best approximation from M to x if ||x -y\\ = d(x, M). M is called a proximinal subspace of X if every x G X has a best approximation from M. Propositions 2.2 and 2.3 will give the motivation of a simple sufficient condition for M to be a proximinal subspace. Let/ G Xf be such that/_1(0) = M, ||/|| = 1 and define
It follows from simple geometry that for each x G X \ M, \a(x, p) -a(x, p')\ <-\p -p'\ for p > 0.
Hence a(x, ■ ) is continuous on R+. To prove the reverse inequality, let 0 < e < 1 and let y G (1 + p)S n (S + M). We will consider the case y & M first. Assume f(y) > 0 (the case f(y) < 0 is similar), and let yx = ty G /_1(1) for some t > 0. There exists w, G S n/_1(l)suchthat R*.-*ill <d(yx,Snf-l(l)) + e.
If H^ill < 1 + p, we define x, = yx, otherwise we define x, to be the point on the line segment of (yx : wx) with ||x,|| = 1 + p. In either case, it can be shown that \\xx -wx\\ < a(x, p) + e. By the remark before the proposition, we can choose a z G/ \f(y)) n {w: \\w\\ = 1} such that ||>> -z\\ < a(x, p) + e. Hence y = z + (y-z)GS + (a(x, p) + e)S(M).
If y G M, we can choose/ G (1 + p)S \ M with \\y' -y\\ < e/2(l + p) and z' G /-'(/(/)) n S satisfies (1). Let
That \\y -z"\\ < e + (1 + e)(a(x, p) + e) = /Î implies that y = z" +{y -z") G S + ßS(M).
Since this is also true for the y g M as in (1) and since e is arbitrary, we conclude that
The following proposition is the foundation of this paper; the proof is similar to [5, Lemma 2]. Choose a sequence of positive numbers {p"} such that p"-»0 and 2"_0e(p") < r where r > e(p0). By hypothesis there exists zx G e(p0)5(M) with ||x -z,|| < 1 + p,. Note that x -z, is also in S[x] + M, the same argument yields a z2 in e(p,)5(M) with ||x -zx -z2\\ < 1 + p2. Inductively, we can find a sequence {z"} such that z" G e(p"_,)5'(M) and ||x -2X-iz*ll < 1 + Pn. Let z0 = 2~=1z", then ||z0|| < 2?_0«(P") < r and ||x -z0|| = 1. This completes the proof. □ 3. Metric projections. Let M be a proximinal subspace of X, for each x G A', we define P(x) to be the set of best approximations from M to x. We call the map P from X into F(M), the family of bounded closed subsets in M, as the metric projection from X into M. Proof. Without loss of generality, we assume that rx = I. Fot y G M n (5(1+p) + x), it follows that ||x ->>|| < 1 + p. That
where z is the best approximation of x, implies that x -y E S + M. Hence (x-y) G(l + p)S n (S + M).
Since M is locally L7-proximinal, x -y = w + v for some w in S and v in e(x, p)S(M). Note that (x -w) is in M and, in fact, a best approximation to x (for 1 < ||x -(x -w)\\ = ||w|| < 1). Hence y = (x -w) -v E P(x) + e(x, p)S(M). Q Lemma 3.2. Let M be a locally U-proximinal subspace in X. Then for any x, y G X\M with \\x -y\\ < p,
Proof. Since ry < rx + p and
it follows that P(^) c M n (^+2p + x).
By Lemma 3.1, we have Proof. It is easy to show that P is continuous for x G M. Let x G X \ M, for any 5 > 0, there exists an rj in (0, 1) such that e(x, n) < 8/2. Since e(-, tj) is upper semicontinuous, there exists a p, 0 < p < (tj • rx)/4, such that for II* _ jvIt < P» e(y> v) < £(x> v) + S/2. Hence for ||x -y\\ < p, we have dH(P(x), P(y)) <max{ rxe < 2rx8.
This shows that P is continuous at x. □ 2rxmax(e(x,^),£^,^)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Proof. In this case, we have e(x, p) = t(y, p) = e(p) for any x,y G X \ M. Theorem 3.3 implies that P is continuous. □ Corollary 3.5. Let M be a U-proximinal subspace of X. Then the metric projection P admits a continuous selection s: X -> M (i.e., s(x) G P(x)).
The following also follows easily from Lemma 3.2: Theorem 3.6. Let M be a subspace of X. Suppose there exists a k > 0 such that (1 + p)S n (S + M) ç S + kpS(M), p>0.
Then the metric projection P: X -» F(M) is a Lipschitz continuous function with Lipschitz constant not greater than 2k.
In the next three sections, we will see that many interesting examples will satisfy the above inclusion, We remark that the converse of the theorem is not true; for example, let M be a closed subspace of a Hubert space X, then the metric projection P: X -> M is a Lipschitz function but e(p) > yp2 + 2p . We also remark that a tZ-proximinal subspace may not have a uniformly continuous metric projection. Examples (certain closed subspaces in some uniformly convex spaces) can be found in [7] , [14] . In general, a set valued function which satisfies the Lipschitz condition does not admit Lipschitz selection; it will be interesting to investigate this question for the metric projections in Theorem 3.6. 
I + p)S n(S + M)QS + e(x,p)S(M). □
A Banach space X is called locally uniformly convex if for each x G X with ||x|| = 1 and for any tj > 0, there exists a 8 > 0 such that for any.y G X with \\y\\ < 1 and ||x -y\\ > tj, ||x + y\\ < 2(1 -8). X is called uniformly convex if the 8 can be chosen independent of x. By the locally uniformly convexity of the norm on Xx, we can show that the last term approaches to zero as p-*0. Let e(x, p) = a(x, p) + p; it follows that M is locally [/-proximinal. □ Proposition4.3.
Let X be a uniformly convex space. Then every closed subspace is U-proximinal.
Proof. Let |L| denote the length of a line segment L and define e(p) = sup{|L|: L is in (1 + p)S \ S } + p.
It is clear that e(p) -»0 as p -» 0 and e(p) > a(x, p) + p where a(x, p) is defined as in Proposition 2.2. Hence (1 + p)S n {S + M) ç S + e(p)S(M)
and the proof is completed. □ Let AT be a topological space, let B(K) be the space of bounded continuous functions on K with the supremum norm and let C(K) be the subspace of bounded continuous functions in B(K). It is well known that C(K) is a proximinal subspace in B(K) [6] . [12] . In [5] , Holmes showed that M-ideals are [/-proximinal. In the following, we will show that his theorem also holds for semi-M-ideals. Let e E J with \\e\\ = 1. Then e is an extreme point of S. Moreover, for any x E S, ||x|| = 1, at least one of the line segments joining x with e and -e is contained in the boundary of S.
Proof. Suppose e = \ (x + y), x, y E S, x, y ¥= e. By the definition of semi-L-summand, there exists x^, G /', 0 < a, ß < 1 such that x = ax, + (1 -a)e, y = ßyx + (1 -ß)e.
Hence e = (axx + ßyx)/(a + ß). This contradicts that J is a semi-Lsummand. The second part is clear by observing that the unit sphere of the subspace generated by e and x is a parallelogram. □ Theorem 5.4. Let M be a semi-M-ideal in X. Then M satisfies
(1 + p)S n (S + M) QS + pS(M)
and hence it is a U-proximinal subspace in X.
Proof. Let x G (1 + p)S n (S + M) with ||x|| = 1 + p. Note that <M, x> also has the 2-ball property. We may assume, without loss of generality, that X = <M, x>. Then J' -M1-is a one dimensional semi-L-summand in X*. 6. Approximation by compact operators. Let E, F be Banach spaces, we will use L(E, F) (K(E, F)) to denote the space of bounded linear operators (compact operators) from E into F. In [4] , [11] , it is shown that if E -F, F = ?9, 1 <p,q < oo, then K(E, F) is an M-ideal in L(E, F). By Theorem 5.4, K(E, F) is actually [/-proximinal in L(E, F). For the case E = F = /', Smith and Ward [16] and Mach and Ward [15] showed that K(l\ /') is not an M-ideal in L(/', /'); however, it is a proximinal subspace. In the following, we will consider a more general setting and that K(lx, /') is a [/-proximinal subspace of L(/', /') comes as a corollary.
Lemma 6.1. Let (W, <$>, a) be a positive measure space and suppose f, g, h E L\W) satisfy f = g + «, ||/|| < 1 + p, ||g|| < 1. 77te« there exist g', h' G V(W)such thatf=g' + h' with \\g'\\ < 1, ||«'|| < 8p and \h'(x)\ < \h(x)\for all xEW.
Proof. We will assume that 1 < ||/|| < 1 + p (otherwise, we can take g' = f, h' = 0) and divide the measure space W into three parts: Thus 1 < 11/11 < 1 + 4p -\\h/D3\\, which implies \\h/D3\\ < 4p and hence \\h\\ < 8p. For this case, we let g' = g, h' = h. Case (iii). If ||«/D,|| < p and \\h/D2\\ > 3p, then ||//D2|| > p. For otherwise, ||//D2|| < p implies that ||g/ö2|| > 2p. Thus \\f/D2\\ < p < || g/D2\\ -p and it follows that 11/11 < (\\g/Dx\\ +p) + (\\g/D2\\ -p) + \\g/D3\\ < 1, which contradicts our assumption that 1 < ||/|| and proves the claim. We To conclude this section, we remark that little is known about the proximinality of the subspace of compact operators on V, 1 < p < oo, p ¥= 2 or C(K). In [10] it was proved that if (i) E = L'(/x) where p is a a-finite measure and F is uniformly convex or (ii) E* is uniformly convex and F = C(K) for some topological space X, then K(E, F) is a proximinal subspace in L(E, F). For operators between F and lq, 1 < p, q < oo, the only remaining unanswered case is K(lx, F), 1 < p < oo.
